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A Numerical Solution of Unsteady Flow in a
Two-Dimensional Square Cavity

LEO F. DONOVAN*
NASA Lewis Research Center, Cleveland, Ohio

The continuity equation and unsteady Navier-Stokes equations are solved numerically for
two-dimensional flow in a square cavity. The fluid is initially at rest and the upper surface
of the cavity moves with constant velocity throughout the calculation. Good agreement is
shown between the calculated position of the vortex center at large times and the position of
an experimentally determined vortex center. Velocity profiles at large times are in excellent
agreement with those calculated from an extant solution of the steady Navier-Stokes equa-
tions. The unsteady results are also recorded as a computer-generated motion picture of
''marked particles" that move with the fluid and serve to make the flow visible. A sequence
of photographs from the movie is presented.

Nomenclature f

d = discrepancy term in continuity equation
i,j = subscripts denoting grid indices
L = reference length
n = superscript denoting nth time step
q = subscript denoting qth iteration
Re = Reynolds number LUv
r = abbreviation, Eq. (7)
t = time, IUJL
U — reference velocity
u — velocity in x direction, u/U
v — velocity in y direction, v/U
x = horizontal direction, x/L
y = vertical direction, y/L
8t = time step
8x98y = space increments
v — kinematic viscosity of fluid
p = density of fluid
<j> = pressure, p/pU2

Introduction

THE availability of large, high-speed computers allows
one to attack some formidable and interesting problems.

One area of research open to investigation is in the solution
of nonlinear partial differential equations describing physical
phenomena. Analytic solutions can only be obtained for
certain special cases and, in addition, the nonlinearity of the
equations makes them much more difficult to solve nu-
merically than linear equations, for which numerical tech-
niques have been developed. However, some progress
has been made. The recent book by Ames1 summarizes
much of this work.

An additional difficulty with numerical solutions of partial
differential equations is that they provide a mass of detailed
information that is very hard to assimilate and understand.
The most imaginative solution to this problem is due to
Fromm and Harlow2 who have devised a visual display tech-
nique for presenting the results of their fluid dynamics calcu-
lations. This technique is analogous to a flow visualization
experiment in the laboratory, in which a tracer is introduced
into a fluid to make the flow visible.

Fluid motion is governed by the continuity equation and
Navier-Stokes equations, expressing conservation of mass

and momentum. Almost all the numerical solutions of these
equations have been for two-dimensional flows. Some in-
vestigators have transformed the equations to stream func-
tion and vorticity coordinates. Pearson,3 for example,
has treated rotating disks in this manner. Other investi-
gators have chosen to retain velocity and position coordi-
nates. Work by Harlow et al.4 on free surface flows falls in
this category. The latter techniques appear easier to extend
to three-dimensional flows.

As the first step in a program to solve the equations de-
scribing unsteady flows we have chosen to investigate con-
stant density, two-dimensional flow in a square cavity.
This problem has relevance in bearing and seal studies, is
difficult to study experimentally without disturbing the
flow, and is interesting in its own right. Cavity flow has
been investigated experimentally and numerically so that
comparison with prior work is possible. In addition, since
no fluid enters or leaves the cavity, the boundary conditions
that must be satisfied by the equations are easily handled.
Since Harlow's method4 has the advantages of combining a
successful numerical technique with visual display, we have
adopted it and modified it to our needs.

If the upper surface of a cavity filled with fluid is moving
in its own plane with constant velocity, a circulatory motion
of the fluid is set up within the cavity. This is illustrated
schematically in Fig. 1. Time exposure photographs have
been taken5'6 of flows into which a tracer has been injected
so that the qualitative features of the steady flow are known.
Most of the fluid rotates about a point, called the vortex
center, where the vector velocity is zero. In a square cavity
the main vortex occupies most of the cavity and small counter-
rotating vortices exist in both lower corners.

Steady flow in a two-dimensional cavity has been an-
alyzed5'7"9 by numerically integrating the steady Navier-
Stokes equations. Burggraf7 has also obtained an analytic
solution to the linearized problem for an eddy bounded by
a circular streamline. The starting flow problem, the fluid
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Fig. 1 Schematic
diagram of cavity.
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being initially at rest, was considered by Greenspan10; how-
ever, only steady results were presented.

This paper describes a numerical technique for the solution
of the unsteady Navier-Stokes equations. As an illustration
of the technique, the problem of unsteady flow in a square
cavity at a Reynolds number of 100, based on the length
and velocity of the moving surface and the viscosity of the
fluid, is solved. Velocity profiles from the unsteady solution
at large times are compared with velocity profiles from extent
solutions of the steady equations and good agreement is
found. The calculated position of the vortex center at large
times is found to be the same as an experimentally deter-
mined steady vortex center. In addition, the results of the
calculations are illustrated by showing the development of
the flow,.starting from rest, in a sequence of photographs
from a movie in which "marked particles'7 are used to make
the flow visible.

Analysis

Differential Equations

The dimensionless forms of the constant density, two-
dimensional continuity equation and Navier-Stokes equations
for a Newtonian fluid can be written as4
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bt

dt>

bx

by
buv_
bx

bx

..._
by

bxby

bx?. bx by

(2)

(3)

For the cavity flow problem it is convenient to choose the
length and velocity of the moving wall as the reference length
and velocity.

If the x and y momentum equations are differentiated with
respect to x and y, and the results added, one obtains

_
2bx2 by2 bt \bx by/ bxby

The finite difference form of this Poisson's equation, with
source term a function of the velocities, is solved iteratively
at each time step using successive over-relaxation. With
pressures known, the finite difference forms of Eqs. (2) and
(3) are solved explicitly for velocities. The reason for re-
taining the first term on the right of the equality sign will be
discussed when the difference equations are derived.

Since the fluid is at rest in the cavity at the start of the
calculation, the initial condition is that the velocities are
everywhere zero. The boundary conditions require the nor-
mal and tangential velocities to vanish at the walls, except
at the moving wall where the tangential component of ve-
locity attains the constant wall velocity. A reference pressure
of unity is chosen at the center of the wall opposite the moving
wall.

Difference Equations

The positions of the variables on the finite difference mesh
are shown in Fig. 2. Note that each velocity component
and the pressure are defined at different cell positions. If
centered differences are used, Eq. (1) can be written

dtj = (l/8x)(uitj+i - tt,-,y_j) + (l/dy)(vi+itj - 0t-jfy) (5)
In order to satisfy the continuity equation it is necessary that
d = 0. However, the finite difference form of Eq. (4) for
the pressure is not solved exactly so that in general, after
calculating the velocities, there will be a nonzero value of d
Sit each mesh point. In order to compensate for this, the
term that involves this discrepancy from the previous time

V :

Fig. 2 Position of variables on finite-difference mesh.

is retained in the finite difference f :>rm of the pressure equa-
tion for the present time (this is discussed in Ref. 11).

If Eq. (4) is written in finite difference form, the equation
for the pressure is

1
l/dy

,

+'

where

The finite difference forms of Eqs. (2) and (3) become

w*+1.-,/+i = Mi.y+j + 8t{-(l/8x)(u\,-+i - u\j) -

(8)

X

u-i + Uij-i (9)

The superscript n + 1 refers to the future time [t = (n +
1)6£]; terms without superscripts are known from the present
time (t = n8t).

Because of the way in which the variables are defined on
the finite difference mesh, the cavity walls pass through cell
positions where the normal components of velocity are de-
fined. Thus, boundary conditions involving the normal
component of velocity are specified directly. Values of the
tangential components of velocity that fall outside the
cavity are chosen so that the interpolated values at the wall
satisfy the boundary conditions. For example, if the left
boundary is a stationary wall at y + |,

and

(10)

(11)

Values of <£ outside the cavity that are required in the
solution of the finite difference Poisson's equation for pressure
can be obtained from the appropriate momentum equation.
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Fig. 3 Photograph of experimental vortex.5

For example, if the left boundary at j + | is a stationary wall,

W+V/+J = U»ilM = 0 (12)

so that

i,/+i - Vt-tj+i) (13)

When carrying out the finite differencing, averages are
used for quantities that are not defined, e.g.,

Uij — ^(Ui^j+i + Uij-f) (14)

When the derivative of a product of such quantities is
formed^ the product is differentiated and then averages are
formed, e.g.,

= (l/dx

and then, e.g.,

(15)

(16)

Since the new velocities are calculated explicitly, the time
step is limited by stability conditions. Hirt12 has suggested
approximate criteria

Re~l > %5tuz (17)
and

Re~l > %dx*t>u/bx (18)

where u is the average maximum fluid speed and dw/dx is the
average maximum velocity gradient in the direction of flow.

The finite difference equations were coded in FORTRAN
IV. Additional coding was required for auxiliary calcula-
tions, particle movements, plotting routines, etc. At each
time step the magnitudes of d were checked to insure that
they were less than 3.5 X 10 ~3.4 The convergence criterion
used for the pressure iteration was4

\<t>q - < 2 X 10 (19)

where the subscript q indicates the qih iteration.
A Reynolds number of 100 was selected for the illustrative

calculation because a photograph of a steady experimental
vortex and results of the solution of the steady Navier-
Stokes equations are available for comparison. The first

stability criterion suggests a time step of 0.02. Equal space
increments of 0.05 were used and it was observed that the
second criterion was satisfied also. No evidence of instability
was noted during the course of the calculation. About 8 min
are required on the IBM 360/67 to carry out the calculations
to a dimensionless time of 10. An additional 4 min are
necessary to produce the microfilm output.

The calculations were also performed with space and time
increments halved and essentially the same results were ob-
tained. Runs with larger time increments and runs at
higher Reynolds numbers indicate that, for this cavity flow,,
the stability criteria are somewhat conservative. However,
if the microfilmed motion of the marked particles is to be
made into a movie, the smaller time increments are desirable.

Marked Particles

At the start of the calculation the marked particles are
assumed to be distributed throughout the fluid in some
known manner. We have used a uniform distribution of
four particles per cell. The marked particles are moved with
the fluid and photographed at each time step during the
course of the calculation. The marked particles serve to
make the flow visible so that the sequence of photographs,
when viewed as a motion picture, shows the behavior of the
fluid clearly. The use of marked particles to display the re-
sults of solutions of the Navier-Stokes equations is not to be
confused with other ways of showing the results, such as
streamlines, streak lines, or path lines. It should be noted
that the marked particles do not enter into the solution of
the Navier-Stokes equations.

The velocity components for each particle were initially
calculated as a weighted average of the velocities at the four
nearest mesh points. Thus, for particles within half a mesh
spacing of a wall, two of the mesh points used for calculating
the tangential component of velocity lay outside the cavity.
Some difficulty was encountered with particle movement
near the wall where the boundary layer was very thin. It
was noticed that particles tended to congregate along the
extreme upper part of the right wall. Then a crescent shaped
region devoid of particles formed along most of the remaining
part of the right wall and extended into the cavity. In order
to circumvent this problem the calculation of tangential
velocity components of particles within half a mesh spacing
of a wall was modified to use only velocities at the two mesh
points inside the cavity. This resulted in a tangential ve-
locity component that did not vary in a direction normal to
the wall in the half mesh closest to the wall. Thereafter no
anomalous particle motion was noted and this problem was
not pursued further.
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Discussion of Results

The results of the calculation will be presented in two
parts, viz., 1) numerical comparisons with experiment and
prior calculation, and 2) a visual display of the development
of the flow. For cavity flow numerical comparisons are
possible only at steady conditions; unsteady results, such
as the visual display, are new. The computer and a microfilm
plotter were used to produce all the plots of data as well as
the motion picture.

Numerical

The position of the experimental vortex center can be
determined from flow visualization studies. Figure 3 shows
a time exposure photograph of steady flow in a square cavity
at a Reynolds number of about 100.5 Washing powder has
been added to oil to make the flow visible. A tape is pulled
across the cavity to provide the moving surface. The posi-
tion of the vortex center was obtained from an enlargement
of Fig. 3.

The position of this experimental vortex center and the
position of a vortex center calculated from a solution of the
steady Navier-Stokes equation (9) are compared in Fig. 4
with the position of the vortex center at large times calculated
from the solution of the unsteady Navier-Stokes equations.
These three are in good agreement.

Since the position of the vortex center changes during the
solution of the unsteady equation, its instantaneous position
is of interest and was determined during the course of the
calculation. Also shown in Fig. 4 is the instantaneous posi-
tion of the vortex center. It moves, rapidly at first and then
more slowly, from a position under the midpoint of the mov-
ing surface to its terminal position.

Figures 5 and 6 compare velocity traverses through the
vortex center calculated from the steady9 and unsteady
Navier-Stokes equations at large times. Figure 5 is a traverse
perpendicular to the moving surface and plots vertical posi-
tion vs velocity component parallel to the moving surface.
Figure 6 is a traverse parallel to the moving surface and
shows velocity component perpendicular to the moving
surface vs horizontal position. The excellent agreement
indicates that the unsteady solution is numerically correct
for large times. Further confimation of the steady result
shown in Fig. 5 is provided by Ref. 7, in which a numerical
solution of the steady Navier-Stokes equations gave essen-
tially the same results as Ref. 9.

A way of illustrating the pressure distribution is shown by
the three-dimensional view in Fig. 7. The large pressure
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vortex center.
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Fig. 6 Velocity traverse in horizontal direction through
vortex center.

maximum at the stagnation point is evident; the shallow
pressure minimum at the vortex center is less distinct.
Another method of displaying pressures is by a contour plot
(e.g., Ref. 7). These two ways of presenting the same data,,
one qualitative and the other quantitative, complement each
other. The pressure at the vortex center shown in Fig. 7
agrees with the pressure obtained in Ref. 7.

Visual

The sequence of photographs of instantaneous particle
positions made by the microfilm recorder constitutes a motion
picture. Enlargements of several frames are shown in Fig.
8. The small triangle above the cavity is used to show the
velocity of the moving surface. Figure 8a shows the initial
uniform distribution of particles within the cavity. The
remaining figures show that the fluid close to the upper
moving surface is dragged along by the upper surface and
forced to turn down at the right wall. The fluid flows along
the right wall, gradually turning back to the left and then
upward, only to be directly influenced by the moving surface
and dragged to the right again. This flow pattern is clearly
seen in the movie.

The lower corners remain relatively quiescent and som.3
order is evident even on the last frame. Examination of the
velocities at the mesh point shows the beginning of the
counterrotating vortices in the lower corners. The calcula-
tions have not been carried to large enough times for them
to be visible in the movie. (Copies of the film are available
for loan on request to the author.)

Concluding Remarks

Unsteady flow in a square cavity has been analyzed by
solving numerically the Navier-Stokes equations. The fluid

PRESSURE
I HORIZONTAL
^DIRECTION

VERTICAL DIRECTION

Fig. 7 Pressure distribution.
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Fig. 8a Time - 0 Fig. 8b Time = I Fig. 8c Time = 2

Fig. 8d Time. = 3 Fig*, 8e Time = 4 Fig. 8f Time = 5

Fig. 8g Time = 6 Fig. 8k Time = 7 Fig. 8i Time - 8

Fig. 8 Enlargement of frames of movie.

Fig. 8j Time - 9 Fig. 8k Time - 10



MARCH 1970 UNSTEADY FLOW IN A TWO-DIMENSIONAL SQUARE CAVITY 529

is initially at rest and the upper surface moves in its own
plane with constant velocity. For the illustrative calcula-
tion the Reynolds number, based on the length and velocity
of the moving surface and the viscosity of the fluid, was
chosen as 100 so that a comparison could be made with an
experiment as well as with extant solutions of the steady
Napier-Stokes equations.

1) The terminal position of the calculated vortex center
is in agreement with an experimentally determined steady
vortex center.

2) Velocity and pressure distributions at large times agree
with previous solutions of the steady Navier-Stokes equa-
tions, indicating that the unsteady solution gives the correct
steady results.

3) "Marked particles'7 were used to show the development
of the flow from rest. This method of displaying computed
results simulates a flow visualization study in the laboratory
and shows clearly the behavior of the fluid.
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